The aim of this article is to investigate the unsteady boundary layer flow and heat transfer analysis in a third grade fluid over an oscillatory stretching sheet under the influences of thermal radiation and heat source/sink. The convective boundary condition at the sheet is imposed to determine the temperature distribution. Homotopy analysis method (HAM) is used to solve dimensionless nonlinear partial differential equations. The effects of involved parameters on both velocity and temperature fields are illustrated in detail through various plots. It is found that the amplitude of velocity decreases by increasing the ratio of the oscillation frequency of the sheet to its stretching rate and Hartmann number while it increases by increasing the third grade fluid parameter. On contrary, the temperature field is found to be a decreasing function of the third grade fluid parameter.
Introduction
The analysis of boundary layer flow of non-Newtonian fluids over a moving surface has received growing interest of scientists and engineers in last few decades. This is because of wide usage of these fluids in chemical and nuclear industries, food industry, biological analysis, petroleum industry and many other fields. Amongst various nonNewtonian fluid models, many researchers targeted the [1] provided an exact solution of the MHD flow of a Walters-B liquid over a stretching sheet. Ariel [2] studied the MHD boundary layer flow of viscoelastic fluid. Lawrence and Rao [3] published on heat transfer in flows of second grade fluid on stretching sheet devoid of viscous dissipation although such flows generate heat by means of viscous dissipation. Dandapat and Gupta [4] also investigated the flow and heat transfer of second grade fluid over stretching sheet. Nazar et al. [5] analyzed the Stagnation point flow of a micropolar fluid towards a stretching sheet. Bhattacharyya et al. [6] found the exact analytic solution to examine the effects of heat transfer over a moving stretching surface. Cortell [7] discussed the effects of the heat transfer in an incompressible second order fluid over stretching sheet by considering suction and transverse magnetic field. Abel et al. [8] examined the effects of heat transfer in second grade fluid by considering thermal radiation and heat source/sink. Hayat et al. [9] discussed the radiation effects on the flow of powell-Eyring fluid past an unsteady inclined stretching sheet with nonuniform heat source/sink. Apart from above mentioned studies, the combine free and forced convection flows over stretching sheet have also received the complete attention of the researchers. This is because of vital role of such flows in many transport processes, engineering devices and in nature. Hsiao [10] studied heat and mass mixed convection for MHD viscoelastic fluid past a stretching sheet with Ohmic dissipation. His results indicates excellent correlation with the already a available date. Moreover, Hsiao [11, 12] also indicated the mixed flows of nano and Maxwell fluids. Ariel [13] analyzed an axisymmetric flow of second grade fluid past over a radially stretching sheet by finding exact numerical solution. In most of literature cited above, the investigators focused their analysis to flow and heat transfer problems of viscoelastic second grade fluids over a stretching sheet. But not much has been done for the flow of third grade fluid. In fact third grade fluid model exhibits the shear thinning/shear thickening effects for one-dimensional flow over a rigid surface. Pakdemirli [14] studied the steady boundary layer flow of third grade fluids using a special coordinate system. Hayat et al. [15] used Lie symmetry analysis to investigate the unsteady flows in a third grade fluid. Sajid et al. [16] provided analytical solution of the magnetohydrodynamic (MHD) flow and heat transfer characteristics of third grade fluid over stretching sheet. Hayat et al. [17] used homotopy analysis method to investigate the unsteady flow of third grade fluid over stretching sheet in presence of chemical reaction. Aziz et al. [18] used symmetry approach to discuss the time dependent flow of third grade fluid over stretching sheet. The effect of joule heating and thermal radiation flow of third grade fluid over was investigated by Hayat et al. [19] . Ahmad et al. [20] used hybrid homotopy analysis method to discuss the boundary layer flow of third order fluid in the region of a stagnation point over a surface lubricated with a power law fluid. Some further studies on flows of third grade fluid can be found in refs [21] [22] [23] [24] .
The aim of present study is to investigate the effects of radiation and heat source/sink in unsteady flow of third grade fluid over an oscillatory stretching sheet using convective boundary conditions. The idea of convective boundary conditions is already incorporated by many researchers. We refer the readers to refs [25] [26] [27] for details. The problem of flow due to oscillatory sheet has been studied by very few authors. These include the Wang [28] , Siddappa et al. [29] , Zheng et al. [30] , Rajagopal et al. [31] , Abbas et al. [32] [33] [34] and Ali et al. [35] . Following these authors we propose to analyze the problem of flow and heat transfer over an oscillatory stretching sheet. Similarly oscillatory flow have number of applications. In this way it seems justified to study the flow due to oscillatory stretching boundary. Recently Misra et al. [36] studied the flow in channel due to oscillatory stretching walls with a motivation of its application towards a blood flow. Such investigation also provides justification for studying flow due to oscillatory stretching sheet.
Homotopy analysis method [37] [38] [39] [40] is used to find the analytical solution of nonlinear partial differential equations. The considered problem has many practical applications. For example, the production of sheeting material is involved in many manufacturing processes and includes both metal and polymer sheets. The rate of heat transfer over a surface has to play a useful role in the quality of end product. Industrial applications of stretching sheet include hot rolling, fibers spinning, manufacturing of plastic and rubber sheet, continuous casting and glass blowing. In present study also considered magnetohydrodynamic (MHD) effects which are quite prominent in MHD power generating systems, plasma studies, cooling of nuclear reactors, geothermal energy extraction and many others. The paper is structured as follows: Section 2 consists of the problem formulation. Solution by Homotopy analysis 
Mathematical model
We consider unsteady two-dimensional magnetohydrodynamic (MHD) laminar flow of an incompressible third grade fluid over an oscillatory stretching sheet which stretched back and forth periodically in its own plane with velocity uω = bx sin ωt (where b is the stretching rate and ω represents the angular frequency). A Cartesian coordinate system (x,ȳ) in whichx is along the sheet andȳ is perpendicular to it. The flow induced by oscillatory stretching sheet is governed by following laws Law of conservation of mass
Law of conservation of momentum
First law of thermodynamics
In above equations, V is the velocity vector, ρ is the density, J is the current density, T is the cauchy stress tensor, B is the magnetic flux vector, d/dt represents the material derivative, T and T∞ are the fluid temperature within the boundary layer and in the free-stream respectively, cp is the specific heat, k is the thermal conductivity and qr is the radiative heat flux, Q is the volumetric rate of heat generation/absorption, B = B 0 + b is the total magnetic field, B 0 is the applied magnetic field, b is the induced magnetic field. The effects of induced magnetic field are neglected using low Reynold number approximation [41, 42] . Now we assume B 0 is acting transverse to the sheet. Hence the MHD body force (Lorentz force) caused by the external magnetic field takes the form
in which B 0 is the magnitude of B 0 and σ is the electric conductivity. In deriving Eq. (2) it is assumed that flow is two dimensional i.e.
where u and v are velocity component inx andx -directions, respectively The Cauchy stress tensor appearing in Eq. (2) for a third grade fluid is given as [43] 
In above relation I is the identity tensor, µ is the dynamic viscosity, p is the pressure, α * 1 , α * 2 and β 3 are material constants and A 1 and A 2 are Rivlin-Ericksen tensors. These material constants satisfy the following constraints
The definition of A 1 and A 2 allows to write
For two-dimensional flow under consideration, the continuity and momentum equation take the form
Using the following boundary layer approximations [44] and neglecting pressure
In view of Eqs. (1 -13) the continuity, momentum and energy equations can be expressed as
∂u ∂t
wherep is the modified pressure defined aŝ
Similarly, the energy equation for the problem under consideration reduce to
Using the Rosseland approximation [45] , we have
where ν is the kinematic viscosity, σ * is the Stefan Boltzmann constant and k * is the absorption constant. Using
Tayler series, we can write
In view of (19) and (20), Eq. (18) takes the form
The flow and heat transfer problem under consideration is subject to following boundary conditions:
The last expression in Eq. (22) represents the convective boundary condition, in which h denotes the heat transfer coefficient. Moreover, T f and T∞ are the convective fluid temperature below the sheet and ambient temperature of the fluid, respectively. It is remarked here that Eq. (20) is only valid when the temperature gradients within the flow field are small. In order to non-dimensionalize the flow problem, the following appropriate variables are used [32] [33] [34] [35] 
With help of these dimensionless variables, the continuity equation is identically satisfied and Eqs. (15) and (21) takes the following form
In above equations M 2 = σB 
where Pr e = Pr / (1 + Nr) represents the effective Prandtl number. Magyari and Pantokratoras [46] pointed out that there is no need to solve energy equation (27) by using two parameter approach i.e. for different values of Pr and Nr. They showed that in fact the investigation of heat transfer characteristics with and without thermal radiation is exactly the same task. They further emphasized that the radiation problem admits the same solution for infinite set of parameter values (Nr , Pr) which corresponds to same effective Prandtl number. Following Magyari and Pantokratoras [46] we solve the Eq. (28) for various values of effective Prandtl number.
The governing boundary conditions are
= (h/k) √︀ ν/b is the Biot number. The physical quantity of interest skin friction coefficient is defined as
The local Nusselt number is defined as
where is Nu * x = Nux /(1+Nr) the effective local Nusselt number.
Homotopy analysis method
Homotopy analysis method (HAM) is used to solve nonlinear partial differential (26) and (28) subject to the boundary conditions (29) and (30) . In view of boundary conditions, the appropriate initial guesses for f (y, τ) and θ(y, τ) are
Further we choose the following auxiliary linear operators for velocity and temperature profiles
satisfying
where C i (i = 1, 2, . . . 5) are arbitrary constants. The zeroth-order deformation problems are constructed as follows
∂f (y, τ; p) ∂y
where p ∈ [0, 1] is an embedding parameter. The associated nonlinear operators N f and N θ are The zeroth-order deformation problems defined above have the following solutions corresponding to p = 0 and p = 1f
θ(y, τ; 0) = θ 0 (y, τ),θ(y, τ; 1) = θ(y, τ).
Using Taylor's series expansion, we can writê
The convergence of above series solution depends upon f and θ . We assume that f and θ are selected so that series solution converges at p = 1. Therefore
where fm and can be computed through the mth-order of deformation problem given by (37) and (38) , the constants C i (i = 1, 2 . . . , 5) are calculated as follows
Convergence of HAM solution
The convergence of the HAM solution is largely dependent on the proper choice of the auxiliary parameters f and θ .
The convergence region can be obtained by plotting the socalled -curves. Figs. 2 and 3 are plotted to see the regions for plausible values of f and θ . These figures shows that the convergent region is −1 ≤ f < 0 and −1.5 ≤ θ < −0.2.
Results and discussion
The effects various of emerging parameters are shown graphically to get clear insight of the considered problem. Fig. 4(a-c) shows the effects of Hartmann number M, the ratio of the oscillation frequency of the sheet to its stretching rate S and third grade fluid parameter β on the time series of velocity profile f ′ at a fixed distance y = 0.25 from the surface of the sheet. Fig. 4(a) shows that with the increase of Hartmann number M, the amplitude of flow velocity decreases. This is perhaps due to the fact that magnetic field introduces a retarding force known as Lorentz force which acts as a resistance to the flow. The variation of ratio of the oscillation frequency of the sheet to its stretching rate S on the time series of velocity profile f ′ is illustrated in Fig. 4(b) . It is clear from this figure that the amplitude of flow motion decreases by increasing S. It is also observed that a phase shift occur by increasing S. An opposite trend is observed in Fig. 4 (c) which elucidates that the amplitude of the velocity is an increasing function of third grade fluid parameter β. Physically, for non-zero values of β, the viscosity of the fluid decreases by increasing the shear rate and as a result of that an acceleration in flow is observed. Fig. 5(a-d) describe the variation of fluid parameter α 1 on the transverse profiles of velocity field f ′ at four different times instant τ = 8.5π, τ = 9π, τ = 9.5π and τ = 10π. Fig. 5(a) shows the effects of α 1 at time instant τ = 8.5π. This figure shows that the velocity f ′ increases from unity to zero by increasing α 1 . It is also observed that increase of α 1 results in increase of momentum boundary layer thickness. This might be due to normal stress effect exhibited by third grade fluid for non-zero values of α 1 . The effects of velocity profile f ′ at time instant τ = 9π are shown in Fig. 5(b) . This figure shows opposite effects, i.e., the velocity and momentum boundary layer decreases by increasing α 1 at this time instant. At τ = 9.5π, (Fig. 5(c) ) the magnitude of velocity f ′ is an increasing function of fluid parameter α 1 . Fig. 5(d) indicates that the magnitude of velocity decreases by increasing α 1 at time instant τ = 10π. It is observed that at this time instant, velocity at the surface and for away from the surface is zero. The variation of Hartmann number M at four time instants τ = 8.5π, τ = 9π, τ = 9.5π and τ = 10π is discussed in Fig. 6(a-d) . It is clear from these figures that the magnitude of velocity decreases of velocity f ′ at all time instants except at τ = 9.5π where an increasing trend in magnitude is observed. Fig. 7(a-d) is plotted to see the effects of third grade fluid parameter β at different time instant by keeping other parameters constants. Fig. 7(a) shows that the magnitude of the velocity is an increasing function of β. Similar observations are made from Fig. 7(b) which is plotted at time instant τ = 9π. Fig. 7(c) is sketched at time instant τ = 9.5π where again it is observed that the magnitude of The time series of skin friction coefficient for different values of M, S, β and Re is illustrated in Fig. 8(a-d) . Fig. 8(a) shows that skin friction coefficient oscillates with time due to oscillatory motion of the sheet. Moreover, the amplitude of oscillations increases with an increase of dimensionless Hartmann number M. The increase in skin friction with increasing Hartmann number is expected because of flow suppression caused by Lorentz force. The effect of ratio of oscillation frequency of sheet to stretching rate S on skin friction coefficient is similar to effects of M and shown in Fig. 8(b) i.e. the amplitude of skin friction coefficient increases with increasing the values of S. Further, it is observed that there exists a phase shift for cussed in Fig. 8(d) where it is shown that the skin friction coefficient decreases for large values of Reynolds number Re.
Figs. 9-16 portray the effects of Pr, α 1 , β, M, , λ on the temperature profile θ at τ = 0.5π. Fig. 9 shows the effects of effective Prandtl number Pr e on temperature profile θ by keeping other parameters constant. It is evident from this figure that the temperature as well as thermal boundary layer thickness decreases by increasing effective Prandtl number Pr e . This decrease in temperature inside the boundary layer by increasing Pr e is a consequence of the fact that Pr e is directly proportional to Prandtl number Pr and inversely proportional to radiation parameter. The effects of fluid parameters α 1 and β on temperature field are shown in Figs. 10 and 11 , respectively. These figures show that temperature profile decreases with increase of these fluid parameters. The decrease of temperature also leads to decrease in thermal boundary layer thickness. The influence of Hartmann number M on temperature profile is shown in Fig. 12 . It is obvious from this figure that an increase in Hartmann number M results in increase of temperature. Moreover, it is found that thermal boundary layer increases by increasing Hartmann number M. It can be justified physically because the Lorentz force opposes the fluid motion and increases the internal fluid friction, as a result of this increase the thermal boundary layer becomes thicker for strong larger values of magnetic field. The effects of heat source parameter on temperature distribution are discussed in Fig. 13 which indicates that temperature increases by increasing heat source strength. It is expected because more heat is added to the system with increasing the strength of the heat source which results in the rise of fluid temperature and thermal boundary layer thickness. Fig. 14 shows opposite effects i.e., temperature and thermal boundary layer thickness decreases with increase of the strength of the heat sink. This result is of key importance for the flows where heat transfer is of prime importance. The variation of Biot number on temperature profile θ is shown in Fig. 15 . This figure elucidates that temperature as well as thermal boundary layer thickness increases by increasing Biot number . It is also observed from this figure that there is no heat transfer when = 0. Since thermal Biot number depends upon heat transfer coefficient h, therefore its higher values represent the case of enhanced heat transfer from stretching sheet to the fluid stream. This enhancement in heat transfer is responsible for increase in the temperature of fluid. Fig. 16(a-c) 
Concluding Remarks
This study deals with unsteady boundary layer flow of a third grade fluid over an oscillatory stretching in presence of radiation effects and heat source/sink. The dimensionless nonlinear partial differential equations are solved by using homotopy analysis method (HAM). The main observations of study are:
• The amplitude of velocity f ′ increases by increasing fluid parameter β while it decreases by increasing Hartmann number M and ratio of the oscillation frequency of the sheet to its stretching rate S.
• The amplitude of skin friction coefficient increases by increasing Hartmann number M and ratio of the oscillation frequency of the sheet to its stretching rate Swhile it shows opposite trend with third grade parameter β and Reynold number Re. 
